Further Extensions of the Theory of Multi-Electrode 
Vacuum Tube Circuits 

By S. A. LEVIN and LISS C. PETERSON 

The response of circuits containing vacuum tubes with any number of 
electrodes due to impressed electromotive forces, and under such circum- 
stances that the time of transit of the electrons is negligible, is discussed when 
arbitrary feedback is present between the circuits connected to the elec- 
trodes, each of which may carry conductive current. The use of the theory 
is illustrated by obtaining first and second order effects in typical three- 
electrode tube circuits. 

In a previous paper in the Bell System Technical Journal, October, 
1934, the treatment was restricted to three-electrode tube circuits in which 
it was assumed that the amplification factor of the tube was constant and 
that no conductive grid current was present. In the present paper these 
restrictions are removed. 

Introduction 

THE response in multi-electrode vacuum tube circuits due to 
impressed electromotive forces has been the subject of several 
papers. For the three-electrode vacuum tube circuit J. R. Carson l 
has used a method of successive approximations, assuming constant 
amplification factor and no conductive grid current. E. Peterson and 
H. P. Evans 2 removed the restriction on the amplification factor but 
maintained the assumption regarding the grid current, while F. B. 
Llewellyn 3 considered the general case with both plate and grid 
currents. Finally, J. G. Brainerd 4 has treated the general case of the 
four-electrode tube circuit. The theories given by these authors did 
not take into account any feedback between the circuits of the elec- 
trodes except in the first approximation. 

In a previous paper 8 the theory given by Carson was extended to 
include the effects of feedback between plate and grid circuits not 
only in the first but also in the second and higher approximations. 
The aim of the present paper is to extend similarly the other theoretical 
work mentioned above 2, 3 - 4 to circuits containing tubes with three, 
four, or any number of electrodes. 

Theory of Three-Electrode Tube Circuits 
We shall consider the three-electrode tube circuit shown in Fig. 1 
where Z u Z 2 , and Z% are impedances which may include inter-electrode 

I J. R. Carson: J. R. E. Proc, April, 1919, p. 187. 

* E. Peterson and H. P. Evans: B. S. T. J., July, 1927, p. 442. 
3 F. B. Llewellyn: B. S. T. J., July, 1926, p. 433. 

* J. G. Brainerd: /. R. E. Proc, June, 1929, p. 1006. 

6 S. A. Levin and Liss C. Peterson: B. S. T. J., October, 1934, p. 523. 
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admittances. The impressed variable electromotive forces are e p and 
€ B in series with the impedances Z p and Z , respectively. We will 
designate by E p and I p the total plate voltage and current, respectively, 
while the corresponding quantities for the grid are E a and I a . In the 
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Fig. 1 — Three-electrode vacuum tube and circuit. 

absence of the variable electromotive forces the d-c. values of these 
voltages and currents are Epo, Ipo, E g0 , and I oQ , respectively, while the 
increments due to the impressed forces are e p , i p , e g , and *„ respectively. 
Similarly, g and p denote the incremental voltages across Z and Z v . 
All quantities referring to currents and voltages are instantaneous 
values. 

We will now assume that I p and I Q are functions of E p and E g , 
and that we can derive from these functions the expansions 



where 
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evaluated at the operating point (£po, E g0 ). 

The important tube parameters are by definition 
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where r denotes electrode resistances, p. the mu-factors, and 5 the 
transconductances. 
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It follows readily from (2) and (3) that 
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where P 2 and T 2 are new notations for o 20 and ft»i respectively. Similar 
expressions may be derived for the coefficients b 3 o, fto, etc. 

If we now apply the circuital laws to the network external to the 
tube, we get a number of equations, two of which are 

*q = g + e o, e p = P + e P- ( 5 ) 

To obtain a solution of (1) and (5) we utilize a method of successive 
approximations. Let 

i p = X>'„fc> ig = Z&*i g p = L«j>*» e„ = L«<»fc. g = Zgfc. P = Upk, (6) 

where the summations extend from k = 1 to fc = « . Let us further 
define the terms in the series (6) by the following equations: 
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and so forth for subsequent terms. 5 
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The physical interpretation of equations (7) to (9) is readily ob- 
tained. It follows from (7) that the equivalent circuit of Fig. 1 for 
first order quantities is given by Fig. 2. The equivalent circuit of 




Fig. 2 — Equivalent circuit — first-order effects. 

Fig. 1 for second and third order effects are those shown in Fig. 3, 
and Fig. 4, respectively. 




Fig. 3 — Equivalent circuit — second-order effects. 
It follows from (4) and (8) that 
r P (b2 e p i 2 + b n e p ie i + b 02 e u i 2 ) 



TgifiwBpt + &i\e P ie al + /3o2«»i 2 ) 

1 
2\dE p 

The corresponding terms in (9) can be expressed similarly. 
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Equations (7), (8) and (9) contain the general theory of the three- 
electrode vacuum tube circuit. In the special case when conductive 
grid current is absent it is only necessary to omit the second equation 
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Fig. 4 — Equivalent circuit — third-order effects. 

in each of the equations (7) to (10), inclusive, and to omit in each of 
the Figs. 2, 3, and 4, the branch containing r g . If it is assumed that 
not only conductive grid current is absent, but also that n P is constant, 
the second plate e.m.f. in (8) reduces to rpP 2 (e p i -f fi P e g i) 2 as is seen 
from (10), and (8) thus becomes identical with the corresponding 
equation already obtained previously. 5 A similar reduction and 
correspondence occurs for the second plate e.m.f. in (9), as well as in 
subsequent equations. 

Application to Steady State Solutions 
In this section the use of the theory is illustrated by obtaining first 
and second-order effects assuming the circuit configuration to be that 
shown in Fig. 1. To avoid unnecessary complications the discussion 
is limited to steady-state solutions, and it is also assumed that no 
plate e.m.f. is impressed. We shall first obtain the solutions in the 
general case and then indicate how these are simplified in such special 
cases which have been treated by some previous investigators. 2 - 3 - B 
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General Case 
Let the impressed grid e.m.f. be 

«„ = Efocos (u k l + Kh ) = RZhe^'+'O, i = V^l (11) 

where the summation extends from h = 1 to h = n, and the letter R 
before an expression means its real part. Referring to Fig. 2 it may 
be shown that 
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The right-hand expressions in (13)— (18) are to be evaluated at w. 
If we write 
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the equations (12) can be written 
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This concludes our consideration of effects of the first order and we 
now turn to those of the second order. For this purpose we substitute 
the values given by (20) in the right-hand side of the expressions (10) 
for the grid and plate e.m.f.'s, and we then obtain two expressions, 
each of which is equal to a sum of sinusoidal terms. If we limit our 
attention to the terms of frequency (a> : -« 2 ), it is readily shown that 
the grid e.m.f. of this frequency is equal to the real part of 
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where a bar over a quotient indicates its conjugate complex. 

It follows from Fig. 3 by straightforward calculations that the 
currents i p2 and i„t produced by the e.m.f.'s (21) and (22), are 
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where [€ tf ] and [c p ] are abbreviations for the complex quantities (21) 
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and (22), respectively, and 

Z e ( W ) - Z(«) /',f ' + Z ^x = |Z C (C0)|6^(") 

Z 2 (,r w + Z„ ; -+- r ff z 

In (24) the introduction of the angles ty is convenient when it is desired 
to evaluate the real parts of the expressions (23). 

The expressions (21) to (24) can be used to obtain any second-order 
current of frequency (co„ — o>b) by replacing coy with w a and o> 2 with o>6. 
The remaining second-order currents are found by a process similar 
to that above. For instance, ipz(2u)i) and i B i(2ui) are given by the 
right-hand expressions in (23) provided the e.m.f.'s [ej are those of 
frequency (2wi) and the impedances Z are evaluated at (2«i). In 
passing it may be remarked that equations similar to those in (23) 
and (24) also occur when third and higher-order effects are calculated. 

Special Cases 

If the impedances Z\, Z 2 , and Z" 3 are infinite the case treated above 
reduces to that considered by Llewellyn, 3 and after proper simplifica- 
tions the previous equations give results identical with those obtained 
by him. For instance, if we take the limiting values of e vX in (12) as 
Zi, Z 2 , and Z 3 tend to infinity, and if we then divide the quantity 
inside the summation sign by — Z p (iOh), we get an expression for i pi 
which may be shown to be identical with equation (33) in Llewellyn's 
paper, except for differences in notations. Similarly, the plate current 
*i»a(wi — o> 2 ) in (23) reduces to a value which may be shown to be 
equal to the sum of his equations (35) and (36), evaluated for this 
type of second-order current. 

Another special case is that when the impedances Z\, Z 2 , and Z 3 are 
all finite but conductive grid current is absent. We then have n g 
equal to zero, and R g equal to infinity, and the previous general equa- 
tions are simplified correspondingly. 

We arrive at the case treated by Peterson-Evans 2 by maintaining 
the assumption of no conductive grid current but by assuming Z\, Z 2 , 
and Z 3 to be infinite. For instance, if then i pl and i ;)2 (coi — co 2 ) are 
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evaluated on this basis for a plate impedance Z p equal to a pure 
resistance at all frequencies, it can be shown that the currents so 
obtained are identical with the corresponding currents given by 
equations (4) and (6) in the paper referred to. 

Finally, if we assume finite values for Z\, Z it and Z 3 , no conductive 
grid current, and constant n P , we have the case treated in the previous 



paper. 



Theory of Four-Electrode Tube Circuits 



Circuits with tubes having more than three electrodes can be treated 
by a process similar to that adopted above, as will be made clear by 
outlining the theory for the four-electrode tube circuit. 

The circuit to be considered is shown in Fig. 5 where Z\ to Z 6 are 




Fig. 5 — Four-electrode vacuum tube and circuit. 

impedances which may include inter-electrode admittances. On the 
electrodes denoted by a, b, and p are impressed the variable electro- 
motive forces Co, e&, and e p in series with the impedances Z a , Z b , and 
Z p , respectively. The significance of the quantities E p , E p0l e p , I p , Ipo, 
i p and the corresponding quantities with indices a and b, is obvious 
from the preceding discussion of the three-electrode tube circuit. 
Let a, b, and p be the incremental voltages across the impedances Z a , 
Z b , and Z p . As before, instantaneous values are implied. 
For the currents we get the expansions 

*„ = Pie a + Pie h + P 3 e p + P,e 2 + P b e<? + P 6 e p 2 

+ Pie a e b + P 8 e a e p + P<,e b e p + • • 

i a = Aie a + A 2 e b + A 3 e p + A^J + A 5 e b 2 + A s e p 2 , . 

+ A 1 e a e b + A»e a e p + A*,e b e p + • • 

h = Bie a + B 2 e b + B 3 e p + B 4 e a 2 + B 6 e b 2 + B 6 e p 2 

+ B 1 e a e b + B s e a e P + B<,e b e p + • • 
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where 
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and similar expressions hold for the A- and -B-values. 
The electrode resistances are by definition 
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and the transconductances 
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It can now be shown that 
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The circuital laws applied to the external network furnish a number 
of equations, three of which are 
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We then obtain the equations 

T P ip\ — e p i = n pa e a i + Upb^bi 

Taial — e a l = llabtbl + Map£pl 
TbH\ — 6b\ = y-baBal + M&P^pl 
fa = CL\ + Coll «6 = &1 + 0U| 



e P = p\ + e 



pi 



(35) 



which show that the equivalent circuit for first order effects is that 
given in Fig. 6. 

We get further for second-order quantities 
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Fig. 6 — Equivalent circuit — first-order effects. 
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From (36) it now follows that the equivalent circuit for second-order 
effects for the four-electrode tube circuit is as indicated in Fig. 7. 




Fig. 7 — Equivalent circuit — second-order effects. 



